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Cavity assisted single- and two-mode spin-squeezed states via phase-locked
atom-photon coupling
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We propose a scheme to realize the two-axis counter-twisting spin-squeezing Hamiltonian inside
an optical cavity with the aid of phase-locked atom-photon coupling. By careful analysis and
extensive simulation, we demonstrate that our scheme is robust against dissipation caused by cavity
loss and atomic spontaneous emission, and it can achieve significantly higher squeezing than one-
axis twisting. We further show how our idea can be extended to generate two-mode spin-squeezed
states in two coupled cavities. Due to its easy implementation and high tunability, our scheme is
experimentally realizable with current technologies.
PACS numbers: 03.75.Mn, 32.80.Qk, 42.50.Dv, 42.50.Pq
Introduction. – Since the early work of Kitagawa
and Ueda[1] and others [2, 3], spin-squeezed states have
attracted much interest due to their close relations
with quantum information processing [4–9] and precision
metrology [1, 2, 10–12]. In the original work of Kitagawa
and Ueda[1], two mechanisms, namely one-axis twisting
(OAT) and two-axis counter-twisting (TACT), were pro-
posed to generate spin-squeezed states. Preparation of
such novel states has been the subject of many studies
in various physical setups such as feedback systems[13],
Bose-Einstein condensates (BEC) [8, 12, 14–21], Ryd-
berg lattice clocks [22], and atomic systems in cavities
[23–29]. To the best of our knowledge, all experiments to
date focus on OAT spin-squeezing, whereas TACT spin-
squeezed states have not been realized in experiments
yet.
In quantum metrology, it is theoretically demonstrated
[1, 2] that TACT states are fundamentally superior to
OAT states because measurement systems based on them
can approach the Heisenberg limit in which the preci-
sion of the measurement scales with 1/N , N being the
number of particles in the system. In contrast, the pre-
cision allowed by OAT states scales with 1/N2/3. Hence,
it remains a very important task to generate and ex-
ploit TACT spin-squeezed states using methods and tech-
niques within the reach of current technologies. There
have been a few theoretical proposals such as converting
OAT into effective TACT [17–19], implementing TACT
with molecular states [6, 20], utilizing ultracold atoms
in two cavities [28], employing feedbacks in the measure-
ment system [13], and using toroidal BECs [21]. Never-
theless, due to the demanding experimental requirements
of these schemes, it remains experimentally challenging
to generate TACT spin-squeezed states.
In this work, we propose a scheme to realize a TACT
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Hamiltonian in a cavity-atom system. Our proposal re-
lies on phase-locked coupling between atoms and photons
only. Since both the atoms and cavity modes are only vir-
tually excited, it has the important advantage of being
largely immune to atomic and cavity dissipation. Fur-
ther, our scheme can be easily generalized to generate
two-mode spin-squeezed (TMSS) states by coupling two
cavities, which can be used to estimate two observables
simultaneously even when they do not commute. They
are widely used in many quantum applications such as
entanglement demonstration [38, 39], quantum teleporta-
tion [40], and quantum metrology [41]. Considering the
rapid advance in cavity technology including the avail-
ability of high-finesse optical cavities and strong cavity-
atom coupling [31–37], our proposal can be realized with
no fundamental difficulty.
Effective Hamiltonian. – We start by considering an
ensemble of N four-level atoms in an optical cavity cou-
pled to a single cavity mode and external laser fields. The
explicit level configuration is illustrated in Fig.1, where
g1 and g2 are the cavity-atom coupling strengths driving
the atomic transitions |1〉 ↔ |3〉 and |2〉 ↔ |4〉, Ω˜1,2 and
Ω1,2 are Rabi frequencies of the external laser fields, and
∆1,2, δ1,2 and γ1,2 are detunings. To realize the desired
TACT interaction, we also assume a fixed relative phase
of pi/2 (−pi/2) between Ω1(Ω2) and Ω˜1(Ω˜2) [42, 43]. The
Hamiltonian reads
H =
N∑
j=1
{eiϕ
2
[
Ω˜2e
−i(∆2+δ2)t − iΩ2e−i(∆2−γ2)t
]
|1〉j〈4|
+
e−iϕ
2
[
Ω˜1e
−i(∆1+δ1)t + iΩ1e−i(∆1−γ1)t
]
|2〉j〈3|
+ g1|1〉j〈3|a
†e−i∆1t + g2|2〉j〈4|a†e−i∆2t + h.c.
}
, (1)
where a†(a) is the creation (annihilation) operator of the
cavity mode, ±ϕ and±(ϕ−pi2 ) are the phases of the exter-
nal laser fields, and the detunings are defined as ∆1(2) =
ω3(4) − ω1(2) − ωc, γ1(2) = ω2(1) − ω1(2) − ωc + ωL1(L2),
and δ1(2) = ω1(2) − ω2(1) + ωc − ωL˜1(L˜2) with ωL1,2,L˜1,2
2and ωc being the frequencies of the driving lasers and the
cavity mode. The rotating wave approximation was used
to derive the Hamiltonian in Eq.(1) in the rotating frame
defined by H0 =
∑N
j=1
∑4
k=1 ωk|k〉j〈k|+ωc(a
†a+ 12 ). To
simplify our discussion, here and in the following, we as-
sume δ = δ1 = δ2, γ = γ1 = γ2, and set ϕ = 0. For large
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FIG. 1: (Color online) Atomic energy levels and transi-
tions between them. The complex Rabi frequencies Ω˜1e
−iϕ,
Ω˜2e
iϕ,Ω1e
−i(ϕ−pi
2
), and Ω2e
i(ϕ−pi
2
) are associated with four
phase-locked driving lasers. g1,2 is the coupling strength be-
tween the atom and the cavity mode. ∆1,2, δ1,2 and γ1,2 are
detunings.
detunings with
|∆1,2|, |∆1,2 + δ|, |∆1,2 − γ| ≫ |g1,2|, |Ω1,2|, |Ω˜1,2|, (2)
all the high energy levels can be adiabatically eliminated,
leading to the following effective Hamiltonian involving
only the two lowest states and the cavity mode,
H ′ =
{
cz − c
′
z sin
[
(δ + γ)t
]}
Sz
−
[A
2
Sxa
†eiδt +
B
2
Sya
†e−iγt + h.c.
]
. (3)
Here the collective atomic spin operators are defined as
Sz =
1
2
∑N
j=1(|1〉j〈1| − |2〉j〈2|), Sx =
1
2
∑N
j=1(|1〉j〈2| +
|2〉j〈1|), and Sy =
i
2
∑N
j=1(|2〉j〈1|− |1〉j〈2|). The explicit
expressions for the coefficients cz , c
′
z, A, and B can be
found in the Supplementary Material [44].
If we further assume that the effective couplings in
Eq.(3) are much weaker than the detunings, i.e.,
|δ|, |γ|, |δ ± γ| ≫ N |A|/4, N |B|/4, (4)
the cavity mode is virtually excited only and can be adi-
abatically eliminated too. We then obtain the following
effective Hamiltonian
Heff = czSz − cxS
2
x + cyS
2
y (5)
with cx =
A2
4δ and cy =
B2
4γ [44]. This is the celebrated
Lipkin-Meshkov-Glick (LMG) model [2]. When cz = 0
and cx = cy = χ, it reduces to the standard TACT
Hamiltonian in [1]. Experimentally, all coefficients cx,y,z
can be controlled by adjusting the Rabi frequencies of the
driving lasers. If necessary, cz can also be compensated
by an external magnetic field [48].
To characterize the degree of spin-squeezing, we intro-
duce the parameter [1, 2]
ξ2 =
(∆S⊥)2min
S/2
. (6)
Here S = N/2 with S = (Sx, Sy, Sz) the total spin op-
erator, and (∆S⊥)2min = (〈S
2
⊥〉 − 〈S⊥〉
2)min is the min-
imum spin fluctuation in the direction perpendicular to
the average spin 〈S〉. A state is a spin coherent state
(spin-squeezed state) if ξ2 = 1 (ξ2 < 1) [1].
Numerical Simulation. – In order to check the validity
of our approximations, we numerically simulate the sys-
tem evolution under the effective Hamiltonian in Eq.(5)
and the original Hamiltonian in Eq.(1) and compare the
results. To fulfill the approximations, the explicit pa-
rameters are chosen as follows: g1,2 = Ω1,2 = Ω˜1,2 =
Ω = 5 × 107s−1 , ∆1,2 = ∆ = 109s−1, δ1,2 = 108s−1,
γ1,2 = 1.26 × 10
8s−1. With these parameters, the ef-
fective model reduces to a standard TACT Hamiltonian
with cz = 0 and χ = 5.69× 10
4s−1. We also assume that
initially the cavity is in the vacuum state and the atoms
are all in the state |1〉, which corresponds to a coherent
spin state in the z direction. Shown in Fig.2(a,b) are the
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FIG. 2: (Color online) (a,b) Time evolution of ξ2 and F with
H in Eq.(1) andHeff in Eq.(5) without dissipation for N = 6,
8, and 10. (c,d) Time evolution of ξ2 and F under the original
Hamiltonian H in Eq.(1) with dissipation for N = 8.
time dependences of the squeezing parameter ξ2 and the
overlap function F = |〈ψ(0)|ψ(t)〉| with the initial state
of the system in the ideal case without cavity leakage
(κ = 0) and atomic spontaneous decay (γd = 0). The
state evolution dictated by the effective TACT Hamilto-
nian in Eq.(5) agrees very well with that calculated di-
rectly from the original full Hamiltonian in Eq.(1), strong
evidence that all approximations employed in our deriva-
tion are reasonable.
We note in Fig.3(b) that, though the maximum achiev-
able squeezing (i.e. the minimum ξ2) increases with the
number of atoms N [2, 17], the time it takes to reach
it increases with N too. This is because the nonlinear
squeezing coefficients cx(cy) in Eq.(5) must decrease with
3N in order to maintain the virtual excitation of the sys-
tem as dictated by Eq.(4). Though virtual excitation
reduces the influence of the dissipation, its eventual ef-
fect on squeezing must be carefully evaluated because of
the longer squeezing time required to reach the optimal
squeezing. For this purpose, we numerically solve the
master equation [26, 49, 50] of the system
∂ρ
∂t
= −i[H, ρ]−
κ
2
D(a, ρ)−
1
2
N∑
k=1
4∑
s=1
γksD(Lks, ρ). (7)
Here D(O, ρ) = O†Oρ + ρO†O − 2OρO†, ρ is the den-
sity matrix, κ and γks are the cavity loss rate and atomic
spontaneous decay rate, and Lk1 = |1〉k〈3|, Lk2 = |2〉k〈3|,
Lk3 = |1〉k〈4| and Lk4 = |2〉k〈4| are the jump operators.
The results are shown in Fig.2(c,d) for N=8. It is seen
that the squeezing is robust against dissipation and the
maximum achievable squeezing is only slightly influenced
by cavity loss and atomic spontaneous emission as strong
as κ = γd = 5 × 10
6s−1. Since we have confirmed the
validity of the virtual excitation of the cavity mode in ear-
lier simulations, we can adiabatically eliminate the cavity
field from the full Master equation to increase the scale
of our simulated system. This results in the following
Master equation [26] that involves only the atomic spin
degrees of freedom,
∂ρeff
∂t
= −i[Heff , ρeff ]−
γd
2
∑
α=z,±
N∑
k=1
aαD(σ
k
α, ρeff )
−
κ
2
(
A2
4δ2
D(Sx, ρeff ) +
B2
4γ2
D(Sy, ρeff )
)
,
(8)
where σkz = |1〉k〈1| − |2〉k〈2|, σ
k
+ = |1〉k〈2|, σ
k
− = |2〉k〈1|,
and the explicit expressions for az,± can be found in the
Supplementary Material [44]. Using Eq.(8), we can nu-
merically simulate larger systems with more atoms. In
Fig.3(a), we plot the maximum achievable squeezing in
our system with strong dissipation, as well as the max-
imum squeezing attainable in an ideal OAT Hamilto-
nian with no dissipation. The results show that, even
in the presence of strong dissipation, our system can
achieve a higher degree of squeezing than what is pos-
sible with ideal OAT, and the advantage grows with the
size of the system. In Fig.3(b), we compare the max-
imum achievable squeezing of an ideal TACT Hamilto-
nian in Eq.(5) (cz = 0) with that of ideal OAT for larger
system sizes on the order of 103 − 105. A large advan-
tage is observed with our scheme. For a system size
of N = 105 atoms as in recent experiments [29, 30],
the ideal Hamiltonian Eq.(5) for our system can reach
a squeezing of -47.4dB, significantly higher than current
schemes based on OAT [8, 11, 12, 14, 27] with the same
system size. Since the atomic decay time, estimated as
1/γeff with γeff ∼
Ω2
4∆2 γd ≈
δχ
g2 γd [23, 25, 27], can
be longer than the time required to reach the optimal
squeezing, to = 1.58lnN/(3Nχ) [17], e.g., when N = 10
5,
using parameters in Fig.3(b) with g = 1.26× 107s−1 and
γd = 3.77×10
7s−1, the atomic decay time 1/γeff ≈ 13ms
is larger than to(10
5) ≈ 2.4ms, and the influence of cav-
ity loss is much weaker than that of atoms’ decay as il-
lustrated in Fig.2(c), a high degree of squeezing can be
achieved.
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FIG. 3: (Color online) (a) Comparison of the maximum
achievable squeezing in our system with strong atomic and
cavity dissipation rates κ = γd = 5 × 106s−1 and in a
dissipation-free OAT systemHOAT = χS
2
x. Other parameters
are the same as in Fig.2 except that Ω = 2×107s−1. (b) Time
evolution of ξ2 in our system with N = 103 − 105 atoms and
no dissipation. Shown in the inset is the maximum achievable
squeezing in our system and in OAT, both without dissipa-
tion. Relevant parameters are ∆1 = −∆2 = 1.88 × 1010s−1,
γ = 2δ = 1.26 × 1010s−1 and A = B/√2 = 0.4δ/N where
N = 500, 1000, 2000, 4000, and 105.
Two-mode spin-squeezed states. – Our scheme can be
extended to generate TMSS states [38, 39, 51] using two
cavities. Assuming a coupling between the two cavity
modes, we have the following total Hamiltonian in the
rotating frame,
Htc = HL +HR − J˜(a
†
LaRe
i∆ωt + h.c.) (9)
where a†L,R(aL,R) is the creation (annihilation) operator
for the left and right cavity mode, J˜ is the tunneling
rate between the cavities, ∆ω = ωLc − ω
R
c is the detun-
ing between the two cavities with the local Hamiltonian
Hα∈(L,R) = −
Aα
2 S
α
x a
†
αe
iδαt−Bα2 S
α
y a
†
αe
−iγαt+h.c.. When
the coefficients and detunings satisfy the following con-
ditions
δL = −δR = δ > 0, −γL = γR = γ > 0
∆ω = δ + γ, AL = AR = A, BL = BR = B
(10)
the effective Hamiltonian for the two-cavity system can
then be written as [44]
HT = χ[(S
L
z )
2 − (SRz )
2] + 2Jχ(SLx S
R
y + S
L
y S
R
x ) (11)
with χ = A
2
4δ =
B2
4γ , and J =
J˜√
δγ
. The second term in
HT gives rise to a TMSS state. The first term, which
describes the on-site nonlinear interaction in each cavity,
has no contribution when SLz = S
R
z .
A TMSS state can be identified by checking that it sat-
isfies the inequality ∆′ = (∆S(−)x )2+(∆S
(+)
y )2−〈S
(+)
z 〉 <
0 with S
(±)
k = S
L
k ± S
R
k (k = x, y, z) [38, 39, 51].
4This criterion implies that fluctuations in nonlocal ob-
servables S−x and S
+
y can be suppressed at the same
time. Thus it is possible to achieve higher measure-
ment precisions for them simultaneously. When the to-
FIG. 4: (Color online) Time evolution of squeezing, entan-
glement, and quantum fisher information of two-mode spin-
squeezed states with the same total spin number for the
two modes. (a) ∆′ vs t while S = N/2 = 5, and J =
0, 0.03, 0.05, 0.1; (b) ∆′ vs t while J = 0.1, and S = 5, 15, 25;
(c) Dependence of the von Neumann entropy E(ρL) on time
for J = 0.05, 0.1 when S = 5; (d) The quantum Fisher infor-
mation for |Ψ(t)〉 at J = 0.05, 0.1 when S = 5.
tal spins inside the two cavities are equal, SL = SR,
a TMSS state can be obtained by letting the system
evolve under HT from an initial state in which both
cavities are in a coherent state: |Ψ(0)〉 = |S, S〉 with
|mLi ,m
R
j 〉 (m
L,R
i = −S,−S + 1, · · · , S − 1, S) the eigen-
vectors of Sz, and S = N/2 the total spin. Plotted
in Fig.4(a,b) is the time evolution of ∆′(t). One can
see that ∆′ is always zero when J = 0 as both cavi-
ties are decoupled in this case. When there is photon
tunneling between the cavities and thus J 6= 0, ∆′ can
become negative which signals the emergence of TMSS
states. Comparing Fig.4(a) with Fig.4(b), we note that
the time it takes to reach ∆′min, the minimum value of
∆′, is controlled by the coupling strength J , and ∆′min
decreases as S increases. To investigate the entangle-
ment of the TMSS state, we have further calculated the
von Neumann entropy E(ρL) = −ρL ln ρL of the reduced
density matrix ρL = TrR(|Ψ〉〈Ψ|), as well as the two-
parameter quantum Fisher information I(S+x , S
−
y )ij =
2〈Ψ|{Hi, Hj}|Ψ〉 − 4〈Ψ|Hi|Ψ〉〈Ψ|Hj |Ψ〉 [52] with (i, j) =
(1, 2). Here, H1(2) = S
+
x (S
−
y ), and {∗, ∗} is the anti-
commutation relation. The results are shown in Fig.4(c)
and (d). The TMSS state generated by the effective
Hamiltonian (11) leads to I(S+x , S
−
y )11 = I(S
+
x , S
−
y )22 =
I(S+x , S
−
y ) [see Fig.4(d)] and I(S
+
x , S
−
y )12,21 = 0. Com-
paring Fig.4(c) and (d) with Fig.4(a), we find that ∆′
reaches its minimum (marked by black solid arrows)
when E(ρL) = E(ρL)max/2. This result implies that the
TMSS state at ∆′min is not a maximum entangled state.
In addition, both I(S+x , S
−
y ) and E(ρL) attain their max-
-
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FIG. 5: (Color online) Time evolution of squeezing and en-
tanglement of two-mode spin- squeezed states with different
total spin numbers for the two mode. (a) ∆′ and (b) E(ρL)
vs t for fixed SL = NL/2 = 25 and J = 0.1. SR varies from
20 to 30.
ima only when ∆′ evolves back to zero.
To explore the influence of the imbalance between SL
and SR on the TMSS state, we fix SL and vary SR with
the initial state |SL, SR〉. In Fig.5, the numerical result
shows that ∆′min reaches the optimal value only when
SL = SR, and increases as ∆S = |SL − SR| increases.
The time it takes to reach ∆′min, to, also decreases with
∆S. In contrast to the balanced case, E(ρL) at to is
smaller than E(ρL)max/2, and it does not reach the max-
imum when ∆′ evolves back to zero, as shown in Fig.5(b).
Therefore, to obtain a TMSS state with lower ∆′, it is
helpful to prepare two cavities with equal total spins.
Experimental Consideration. – Experimentally, our
model can be realized with an ensemble of 87Rb atoms
in optical cavities [25, 26]. Two hyperfine states |F =
1,mF = 1〉 and |F = 2,mF = 2〉 of the manifold 5S1/2
can be used as the lower energy states |1〉 and |2〉 in Fig.
1. Their energy splitting is 4.27 × 1010s−1. Two other
hyperfine states of the manifold 5P1/2 with a splitting
of 5.03 × 109s−1 can be selected as the higher excited
states |3〉 and |4〉. This choice leads to a detuning of
∆1 − ∆2 = 3.77 × 10
10s−1. To implement the effective
TACT Hamiltonian in Eq.(5) with cz = 0 and cx = cy,
we have a total of ten adjustable parameters, namely
∆1,2, Ω1,2, Ω˜1,2, δ1,2, and γ1,2. They need to satisfy the
constraints ∆1 − ∆2 = 3.77 × 10
10s−1, A
2
δ =
B2
γ , and
several others listed in the Supplementary Material [44].
Since the number of these constraints is less than the
number of adjustable parameters, both the TACT model
and the LMG model can be achieved by adjusting the
detunings and couplings.
Conclusion. – We have proposed a scheme to real-
ize an effective TACT Hamiltonian in a cavity-atom in-
teracting system via phase-locked atom-photon coupling.
We proved that the approximations used in our deriva-
tion are justified and demonstrated that greater degrees
of squeezing can be achieved in our system than exist-
ing schemes based on OAT. Furthermore, we generalized
our ideas to a two-cavity system and showed how TMSS
states can be realized. Because of the high tunability
5of our scheme, it is possible to access the full parameter
ranges of the LMG model, enabling us to explore its rich
physics[53–58].
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Yong-Chang Zhang,1 Xiang-Fa Zhou ∗,1 Xingxiang Zhou,1 Guang-Can Guo,1 and Zheng-Wei Zhou †1
1Key Laboratory of Quantum Information, Chinese Academy of Sciences,
University of Science and Technology of China, Hefei, 230026, China
Synergetic Innovation Center of Quantum Information and Quantum Physics,
University of Science and Technology of China, Hefei, 230026, China
I. SINGLE CAVITY: EFFECTIVE TACT HAMILTONIAN
Assuming the parameters satisfy the following large detuning conditions,
|∆1,2|, |∆1,2 + δ|, |∆1,2 − γ| ≫ |g1,2|, |Ω1,2|, |Ω˜1,2|,
we can derive the following simplified form for the system Hamiltonian in Eq.(1) in the main text by using the effective
Hamiltonian theory [1]:
H˜ = −
g21
∆1
[ N∑
j=1
|1〉j〈3|a
†,
N∑
j=1
|3〉j〈1|a
]
−
g22
∆2
[ N∑
j=1
|2〉j〈4|a
†,
N∑
j=1
|4〉j〈2|a
]
−
1
4
(
Ω˜21
∆1 + δ1
+
Ω21
∆1 − γ1
)
[ N∑
j=1
|2〉j〈3|,
N∑
j=1
|3〉j〈2|
]
−
1
4
(
Ω˜22
∆1 + δ2
+
Ω22
∆2 − γ2
)
[ N∑
j=1
|1〉j〈4|,
N∑
j=1
|4〉j〈1|
]
−
g1g2
2
(
1
∆1
+
1
∆2
)
([ N∑
j=1
|1〉j〈3|a
†,
N∑
j=1
|4〉j〈2|a
]
e−i(∆1−∆2)t + h.c.
)
−
iΩ˜1Ω1
8
(
1
∆1 + δ1
+
1
∆1 − γ1
)
[ N∑
j=1
|2〉j〈3|,
N∑
j=1
|3〉j〈2|
](
ei(δ1+γ1)t − e−i(δ1+γ1)t
)
(S1)
−
iΩ˜2Ω2
8
(
1
∆2 + δ2
+
1
∆2 − γ2
)
[ N∑
j=1
|1〉j〈4|,
N∑
j=1
|4〉j〈1|
](
e−i(δ2+γ2)t − ei(δ2+γ2)t
)
−
1
4
{
g1
(
(
Ω˜1
∆1
+
Ω˜1
∆1 + δ1
)eiδ1t − i(
Ω1
∆1
+
Ω1
∆1 − γ1
)e−iγ1t
)[ N∑
j=1
|1〉j〈3|a
†, eiϕ
N∑
j=1
|3〉j〈2|
]
+ g2
(
(
Ω˜2
∆2
+
Ω˜2
∆1 + δ2
)eiδ2t + i(
Ω2
∆2
+
Ω2
∆2 − γ2
)e−iγ2t
)[ N∑
j=1
|2〉j〈4|a
†, e−iϕ
N∑
j=1
|4〉j〈1|
]
+ h.c.
}
Due to the large detunings, higher energy states are hardly excited. We can then neglect all interaction terms
involving |3〉 and |4〉. This leads to the following Hamiltonian,
H˜ ′ =−
1
4
(
Ω˜22
∆2 + δ2
+
Ω22
∆2 − γ2
+
4g21
∆1
a†a)
N∑
j=1
|1〉j〈1| −
1
4
(
Ω˜21
∆1 + δ1
+
Ω21
∆1 − γ1
+
4g22
∆2
a†a)
N∑
j=1
|2〉j〈2|
−
iΩ˜1Ω1
8
(
1
∆1 + δ1
+
1
∆1 − γ1
)
N∑
j=1
|2〉j〈2|
(
ei(δ1+γ1)t − e−i(δ1+γ1)t
)
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2−
iΩ˜2Ω2
8
(
1
∆2 + δ2
+
1
∆2 − γ2
)
N∑
j=1
|1〉j〈1|
(
e−i(δ2+γ2)t − ei(δ2+γ2)t
)
(S2)
−
1
4
{(
g1Ω˜1e
iϕ(
1
∆1
+
1
∆1 + δ1
)
N∑
j=1
|1〉j〈2|e
iδ1t + g2Ω˜2e
−iϕ(
1
∆2
+
1
∆2 + δ2
)
N∑
j=1
|2〉j〈1|e
iδ2t
)
a†
+ i
(
− g1Ω1e
iϕ(
1
∆1
+
1
∆1 − γ1
)
N∑
j=1
|1〉j〈2|e
−iγ1t + g2Ω2e−iϕ(
1
∆2
+
1
∆2 − γ2
)
N∑
j=1
|2〉j〈1|e
−iγ2t)a† + h.c.}
Under the following assumptions for the convenience of presentation,
δ = δ1 = δ2, γ = γ1 = γ2,
A = g1Ω˜1(
1
∆1
+
1
∆1 + δ1
) = g2Ω˜2(
1
∆2
+
1
∆2 + δ2
),
B = g1Ω1(
1
∆1
+
1
∆1 − γ1
) = g2Ω2(
1
∆2
+
1
∆2 − γ2
),
(S3)
the Hamiltonian (S2) is further simplified to
H˜ ′ =
[
cz − c
′
z sin
(
(δ + γ)t
)]
Sz −
[A
2
(Sx cosϕ− Sy sinϕ)a
†eiδ
′t +
B
2
(Sx sinϕ+ Sy cosϕ)a
†e−iγ
′t + h.c.
]
(S4)
with δ′ = δ − N2 (
g2
1
∆1
+
g2
2
∆2
), γ′ = γ + N2 (
g2
1
∆1
+
g2
2
∆2
), cz =
1
4 (
Ω˜2
1
∆1+δ1
+
Ω2
1
∆1−γ1 −
Ω˜2
2
∆2+δ2
−
Ω2
2
∆2−γ2 ) −
1
2 (
g2
1
∆1
−
g2
2
∆2
)a†a,
c′z =
1
4 (
Ω˜1Ω1
∆1+δ1
+ Ω˜1Ω1∆1−γ1 +
Ω˜2Ω2
∆2+δ2
+ Ω˜2Ω2∆2−γ2 ), Sz =
1
2
∑N
j=1(|1〉j〈1| − |2〉j〈2|), Sx =
1
2
∑N
j=1(|1〉j〈2| + |2〉j〈1|), and
Sy =
i
2
∑N
j=1(|2〉j〈1| − |1〉j〈2|). In deriving (S4), we have neglected a constant term
1
8
[
(
Ω˜2
1
∆1+δ1
+
Ω2
1
∆1+γ1
+
Ω˜2
2
∆2+δ2
+
Ω2
2
∆2−γ2 ) + (
Ω˜1Ω1
∆1+δ1
+ Ω˜1Ω1∆1−γ1 −
Ω˜2Ω2
∆2+δ2
− Ω˜2Ω2∆2−γ2 ) sin ((δ + γ)t)
]∑N
j=1(|1〉j〈1| + |2〉j〈2|). Initially, the cavity mode is in
vacuum state, and it can only be virtually excited due to the large detuning condition. By adiabatically eliminating
the cavity mode, we have the following effective Hamiltonian,
Heff = czSz − cx(Sx cosϕ− Sy sinϕ)
2 + cy(Sx sinϕ+ Sy cosϕ)
2 (S5)
with cx =
A2
4δ′ and cy =
B2
4γ′ . For simplicity, we assume the following optional conditions in the main text and the rest
of this Supplementary material: δ′ ≈ δ, γ′ ≈ γ, and δ, γ ≫ N2 (
g2
1
∆1
+
g2
2
∆2
). If we fix ϕ = 0, the effective Hamiltonian in
Eq.(S5) then becomes Eq.(5) in the main text.
Similarly, by adiabatically eliminating the atomic excitation and cavity modes from the full master equation Eq.(7)
[2] in the main text, an effective master equation involving only the spin degree of freedom can be derived as in the
following
∂ρeff
∂t
=− i[Heff , ρeff ]−
κ
2
[ A2
4δ2
(S2xρeff + ρeffS
2
x − 2SxρeffSx)
+
B2
4γ2
(S2yρeff + ρeffS
2
y − 2SyρeffSy)
]
−
γd
2
[
az
N∑
k=1
(
(σkz )
2ρeff + ρeff (σ
k
z )
2 − 2σkzρeffσ
k
z
)
+ a−
N∑
k=1
(
σk+σ
k
−ρeff + ρeffσ
k
+σ
k
− − 2σ
k
−ρeffσ
k
+
)
+ a+
N∑
k=1
(
σk−σ
k
+ρeff + ρeffσ
k
−σ
k
+ − 2σ
k
+ρeffσ
k
−
) ]
,
(S6)
3where σkz = |1〉k〈1| − |2〉k〈2|, σ
k
+ = |1〉k〈2|, σ
k
− = |2〉k〈1|, and
az =
1
4
(
Ω21
(∆1 − γ)2
+
Ω˜21
(∆1 + δ)2
+
Ω22
(∆2 − γ)2
+
Ω˜22
(∆2 + δ)2
)
a− =
1
4
(
Ω22
(∆2 − γ)2
+
Ω˜22
(∆2 + δ)2
)
a+ =
1
4
(
Ω21
(∆1 − γ)2
+
Ω˜21
(∆1 + δ)2
) (S7)
II. TWO CAVITY: EFFECTIVE TMSS HAMILTONIAN
The two cavities are coupled by inter-cavity photon tunneling [3, 4]. In the interaction picture, the total Hamiltonian
reads
Htc =−
AL
2
SLx a
†
Le
iδLt −
BL
2
SLy a
†
Le
−iγLt
−
AR
2
SRx a
†
Re
iδRt −
BR
2
SRy a
†
Re
−iγRt
− J˜a†LaRe
i∆ωt + h.c.,
(S8)
where ∆ω = ωLc −ω
R
c is the frequency detuning between the two cavities. Unlike in Eq.(S4), here we have fixed ϕ = 0
and neglected the Zeeman term Sαz as it does not contribute to the effective coupling between the two spin systems
and can be compensated by external fields. If the coefficients and detunings satisfy the relations
δL = −δR = δ > 0, −γL = γR = γ > 0
∆ω = δ + γ, AL = AR = A, BL = BR = B
(S9)
we can derive the following effective Hamiltonian by keeping terms to third order in the effective Hamiltonian [1],
HTMSS =−
A2
4δ
(SLx )
2 −
B2
4γ
(SLy )
2 +
A2
4δ
(SRx )
2 +
B2
4γ
(SRy )
2 +
J˜AB
2δγ
(SLx S
R
y + S
L
y S
R
x )
=χ[(SLz )
2 − (SL)2]− χ[(SRz )
2 − (SR)2] + 2Jχ(SLx S
R
y + S
L
y S
R
x )
(S10)
with χ = A
2
4δ =
B2
4γ , and J =
J˜√
δγ
. Here, we have used the relation (Sαx )
2 + (Sαy )
2 + (Sαz )
2 = (Sα)2 (α = L,R).
The constant term, χ[(SR)2 − (SL)2], can be neglected. It should be emphasized that the signs of the coefficients of
(SL,Rz )
2 must be opposite in order to generate TMSS states.
[1] Daniel F.V. James and Jonathan Jerke, Can. J. Phys. 85, 625 (2007).
[2] Emanuele G. Dalla Torre, Johannes Otterbach, Eugene Demler, Vladan Vuletic and Mikhail D. Lukin, Phys. Rev. Lett.
110, 120402 (2013).
[3] T. F. Roque and A. Vidiella-Barranco, J. Opt. Soc. Am. B 31, 1232 (2014).
[4] Yong-Chun Liu, Yun-Feng Xiao, Xingsheng Luan, Qihuang Gong and Chee Wei Wong, Phys. Rev. A 91,033818 (2015).
